CHM1485: Molecular Dynamics and Chemical Dynamics in Liquids

ANSWERS TO PROBLEM SET 1

Properties of the Liouville Operator

. Give the equations of motion in terms of the Hamiltonian.
Show that they can be rewritten in the form
dx)

— N) g
dt & H

= £x™,

Answer:

The equations of motion in terms of the Hamiltonian are

drN)  OH
d opW™
dp®™) B 0OH
a oM

To rewrite these in the desired form, note that

or®) " or®) 0 op™N) op™M)

N N N N

dr™) _ or )' oH O )‘ 0H o™ oH ™ gy = L™
dt or(V) ap(N) orY) 8p(N) ap(N) orY)
N N N N

dp( ) _ _8p( ) ' OH _ ap( ) ' oOH B ap( ) ' OH _ {p(N) H} EP(N)
dt ap(N) or®) or) 8p(N) 8p(N) Or(V) ’

With xV) = (x™) pM)) | this is the desired form.

. Show that P = 3% | p; is a constant of the motion.

Answer:

P is a constant of the motion if dP/dt = 0. Since dP/dt = LP = {P, H}, we need to
show that {P,H} = 0. Now:

oP  OH YU
PH} = =50 a9~ 2o,

=1
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1 N
= 52 ZU (Jrj —rx])
i=1 j;ék
1Y 8|r Ty
= 522[]/ lr; —ril) J
i=1 j#k
1 N — Tk
- - U'(lr; — i) 7(5 — Oik)
D) ;#k J |r] — 1y
1
= — ) U(lr; — rk|) (1 —-1) =0.
2j7ék ’ ’rj _rk’

which proves that P is a constant of the motion.

. Given functions of phase space A(x™), B(x™), C(x™)), prove the following proper-
ties of the Poisson brackets:

{AB,C} = A{B,C}+ B{A,C}
(AFB) = T{AB)

where F(B) is a function of B that only depends on the phase coordinate x(V)
through B.
Answer:
For the first identity the left hand side gives
J(AB) oC J(AB) oC
or™)  gp™)  gp®™)  gr)

0B oC 0A oC 0B oC 0A oC
Age® op™ * B - op) Aap(m o P op™) "~ Jr(N)
_ 4 0B oC' 0B oC' B 0A oC 0A oC
- or™)  op™)  gp@™) " Gr() or) " gp®™)  gp@) * GrN)
= A{B,C}+ B{A,C}.

{AB,C} =

So the first identity is proved.
Similarly, for the second identity we also write out the left hand side:
B 0A OF(B) 0A OF(B)
WFB} = 5 op™  gp®™  gr)
0A 0B OF 0A 0B OF
or™)  op™M oB  op™  or™ oB

dF
= {A,B}—
{7 }dB

So the second identity is proved as well.




d. Prove that
L(AB)=ALB+ BLA.
Answer:
Once more we evaluate the left hand side, using the first identity:
L(AB) = {AB,H}=A{B,H}+ B{A H}
= ALB+ BLA,

which is what we set out to show.

e. Show that
w(AB) = (etLA) (etﬁB) )
Answer:

Expand out the exponent:

L
AB
—(AB)

tL(AB) Z

n=0
The result of d. shows that L acts as a differential operator. The binomial theorem
then tells us that

LM(AB) =

-

I
o

(fj) (A eB)

7

n nl .
= > (£ A)LB).
So
e"*(AB) = ZZ H,cn "A)(L'B).
nzOzZO n_Z 3t

a TLZ::O; (n —1) 2!

B tﬁ” 1A([t£] B)

a 1=0n=1 n_l Z‘ 7

where we exchanged the two summations, noticing that we are summing over n and @
values over all non-negative values such that ¢ < n. We shift the lower bound of the n
summation to zero by introducing k = n — i, and get

_ ZZ thA([tﬁ] B)
[tﬁ]kA - ([tﬁ]l )
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which is what we were after.

This result may be understood by interpreting the operator et a streaming operator

that when acting on any quantity depending in x™), replaces x™) by xV)(t). Therefore
(AB)’x<N)—>x(N)(t) = A‘X(N)Hx(lw(t) B’x<N)—>x(N)(t) fOHOWS automatically.

. Show that

(At +7)B(1)) = (A1) B(0))
where (---) is the canonical ensemble average.
Answer:

Write

de(N) e—PH (6[,7 B) (eﬁ(tJrT)A)
[dx(N) ¢—BH
[dx(N) g=BH LT (Be“A)
[dxV) e=BH
de(N) LT ({e—ﬁre—ﬁH} BeEtA)
Tdx(™) ¢ 51
[dxN) e£7 (efﬂHBe‘:tA>
Tdx(N) ¢ o

(A(t +7)B(1)) =

where in the last step we have used that Le P = —Be PHLH = 0, so e *Te PH =
e PH. As our final step, we note that e“" replaces all x¥) by x™)(7). Since the
system is deterministic, this is a one-to-one mapping in phase space. It is thus pos-
sible to change our integration variables from x™) to x™)(7). The Jacobian of this
transformation is one due to Liouville’s theorem, so

Jdx™M(t) (efﬁHBeLtA) ‘

x(N) *)X(N) (T)

[dxN) e—BH
_ JdxW) emPHBett A
T [dx(™) -pH

where we renamed x")(t) to xN). The right hand side is now equal to (A(t)B(0)), as
we wanted to show.

. Show that the Fourier transform of the density A(r) = YN, a;6(r — r;), where a; is
some microscopic function of x;, is equal to

N
Ak = Z a; €Zk.ri.

=1
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What are the restrictions on the wave vectors k for the periodic system?
Answer:

We take the Fourier transform of the that density:

N

N
/ dr e™ T A(r / dr e’** Z a;0(r Z/ dre™Ta;5(r — ;) = Z ekTig,,
i=17V

i=1
as we were requested to show.

The wave vectors are restricted because the corresponding wavelengths A\ = 2x /k have
to ’fit’ into the box, i.e. n\ = L, where n is an integer number. This has to occur
in each direction, so if k = (ky,k,, k), we need n,2n/k, = L, n,2n/k, = L and
n,2w/k, = L, or
27 27 27
ky = — Ny, y — 7 Ty, 2 = 7 Nz

L

. Prove that given two wave vectors k and q, one has

(A(t)Aq) = dk—qf{Ak(t)A k)
Ok, —q (Ak(t) AL),

Answer:

Writing out the left hand side gives:

de(N)e—ﬂH Zﬁl Zj\le 6ik~ri(t)—i—iq~rj(0)
[dxMNe
[drN)e=BU SN ZN eikeri(t)+iqr;(0)

[drN¥

(A(t)Aq) =

Because U depends only of position differences, it does not change under a translation
over a constant vector a, so we may write the same quantity as

fdl'( —BU ZN ) Z i(t)+a)+iq-(r;(0)+a)
fdr

<Ak(t)Aq> =

We have used here that when the system is translated over a vector a at time zero, at
time t it will still be translated over the same amout, i.e., the dynamics of the relative
motions are not affected by our translation.

We can take the parts involving a out of the integral, which yields

(Ak(t)Aq) = e FV2(A (1) Ag)



or
(1 — eileraray 4y (1) Aq) = 0.
Therefore, (Ax(t)Aq) Is zero unless

cilkta)a _

Since this is to hold for all a, this means we get a non-zero result only when k = —q.
Another way to formulate this is

(A(t)Aq) = Ok —aq{Ak(t)A )

Finally, we can note that using complex conjugation,

T R T I
n=1

so also
<Ak(t)Aq> = 5k7—q<Ak(t)Ai>-
Isotropy
dr A(r)r = 0,
1%
Answer

Since A depends only on r, we can change the integration variable to —r (i.e., perform
a reflextion) and get

/Vdr Alr)r = —/Vdr A(r)r,

that is, the result must be equal to minus itself. This can only be true if the result is
Zero.

: /dr A(r)rr = %/drA(r) r)? 1,
v v

where 1 is the identity matrix.
Answer:

Let us call the result M, i.e.,

M= /Vdr A(r)rr
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This is a matrix. If we consider the xy component, and perform a reflection in the x
direction only, we see that

M, = / dr A(r)zy = — / dr A(r)zy = —M,,
v v

so My, = 0. In the same way, we find M,, = 0 and M., = 0. Thus M is a diagonal
matrix:

Moz O 0
M=| 0 M, 0
0 0 M.

In addition, because A only depends on the magnitude of r, we may also use a rotation
as a change of variables, i.e. r — R -r, which gives

M = /VdrA(r)rr

- /Vdr A(r) (R -1)(R 1)
= R-M-R”.

In other words, M is invariant under all rotations. Take as a special case the rotation

010
100 (1)
001
This transforms M as follows:
M., O 0 My, O 0
o M, O — 0 M, O (2)
0 0 Mzz 0 0 Mzz

Since both matrices need to be the same we get My, = M,,. One may similarly show
that M,, = M., so that the whole matrix becomes proportional to the identity matrix:

M = M1

Inserting the definition of the matrix, we get

M = é/vdrA(r)|r|21.




Ergodicity

. Derive the equations of motion.

Answer:

Using dx/dt = OH/0p and dp/dt = OH /Or, we find
v _p
dt  m
b _ —mw?r
dt '

. Give the general solution for z(t) and p(t) and show that they are periodic. What is
the period 77
Answer:

Substituting the equation for dx/dt into that of dp/dt, we find a second order linear
ordinary differential equation for x(t):

7= —w?r.

The general solution can be expressed in terms of two fundamental solutions
x1(t) = sin(wt) and xo(t) = cos(wt)

Any linear combination x(t) = ax1(t) + bxy(t) is then a solution. An alternative way

to write this is
x(t) = acos(wt — ¢yp).

Such a solution is fixed by two initial conditions, namely, its value at time zero (a cos ¢y)
and its derivative at time zero (aw sin ¢y ).

The period of these solutions is

. How does the fact that f(z,p) is a probability distribution determine the value of Q7
Show that its value is given by 2 = 70 F.

Hint: change variables to & = xy/mw?/2 and n = p/+/2m.
Answer:

The fact that f(z,p) needs to be normalized determines €2, i.e.,

1
/da:dpf(x,p)zﬁ / dxdp = 1.
E<H<E+6E



So
Q= / dz dp.
E<H<E+JE

It is convenient to write this as a difference:

0= /dxdp _ /d:vdp.

H<E+6E H<E

As the hint suggests, we introduce now

€ = x\/mw?/2 and n :p/\/%

The Jacobian in going from (z,p) to (§,n) is

(&, 1)

JZ'@W

|_f
2

)

while in these coordinates, the Hamiltonian takes the form
H=¢£ 472

Therefore, we can write

Q:Z /'%m— /dwn.

E24n2<E+JE &24n2<E

The first integral is the area of a circle with radius v/ E + 6 E while the second is the
area of a circle with radius v'E. Using that the area is w times the radius squared, we

find: 5
Q=""[E+6E - E| = 1E.

w

. Using the solution of the equations of motion, show that in the limit 6 — 0, this
system is ergodic, i.e. that

(G =C

where

(G) = [dwdp f(z, )G, p)

and

G- i/{:da Gla(t+ o), p(t + o).

Hint: use & and n in the integral for (G) and go over to polar coordinates.



Answer:

Using the hint, we write the ensemble average of G as

(@) = [dedp fla.p)G.p)

1
= g /d:vdpG(ﬂf,p)

E<H<E+SE
2
= —— [dgan Gg/\mer/2nvom)
E<€2+4n?<E+0E

1 27 VETOE
= 7TTE/0 dqﬁ/@* dp p G((cos $)p/\/m? /2, (sin §) pv/2m)

where p = /&2 +n? is the radial coordinate and ¢ is the angle (tan¢ = £/n), such
that & = pcos @, n = psin ¢.

Assuming ) E is small, so that p does not vary much, we can write this as

@) = mle / "o /ﬁE+5Edp pG((cos 6)\/2B | (ma), (sin ¢)v/2mE)

_ 217r O%dqsa((cosqs) 2E/(me?), (sin 6)V2mE)

We now write a = /2F /(mw?) and ¢ = ¢o—w(o+t) (the latter is a change of variables
with Jacobian w), to get

Gy = j_/OTda G(acos(w(o +t) — ¢g), mwasin(w(o +t) — ¢g)),

which is precisely G.

. Calculate the partition function and the Helmholtz free energy A.
Answer:

The partition function is given by

1 o] o)
QR = —/ dx/ dpe_ﬁH
h — 00 — 0o
1 joo —Blmw?e? o0 —ﬁﬁ
= E/ dr e P2 / dp e Pam
_ 2 [
— w\ B\ pmw?
2
Bhw’
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The Helmholtz free energy is

A= —ETnQ = kT 2.
2

. Calculate (H) in the canonical ensemble. For what choice of [ is its value equal to
that of the micro-canonical ensemble?

Answer:

From the notes, we find

0 0 1
(H) = —%IHQ = %hq[ﬁhw/(%r)] =5

Thus, if we choose 3 = 1/E, the canonical and microcanonical results for the average
energy agree.

. Taking the above choice for 3, show that the value of (p?) is the same in the canonical
and in the micro-canonical ensemble.

Answer:

Canonical:

Micro-canonical:

E<H<FE+0E
4dm
= — / d¢ dn n’
w
E<€24n?2<E+E

4m vV E+5E 2

_ d d 2 2
00 e P ¢ pp”cos” ¢

4rm (VETE
= o0l dpp
_mm 41 VE+E

-0 7l
- %[(E+5E)2—E2]

~ oESE = mE.
wf
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h. Calculate the values of (p!) in the canonical and the micro-canonical ensemble, respec-
tively. Are these values equal? What is the consequence for 0% in the two ensembles?
Explain this result.

Hint for g and h: for the micro-canonical value, use & and n, go over to polar coordi-
nates and use that [F"d¢ cos®> ¢ = m and [7"dé cos* ¢ = 3 /4.

Answer:

Canonical:

4 0046_65% 2 /92 A 2 2
W= [ p'—— = 3m?/5* = 3mE"

—oo” \/2mm /3

Micro-canonical:

1

(P Ve = 0 /dw dp p*

E<H<E+SE
8m?
- 25 [dg annt
w2
E<£24n?<E+E

8m?2 [VEFSE 2

. 4 4
= 0l dpo dp pp”cos” ¢

6mm2 [VETIE

= dp p°
w0Q JvE Pp

_mm? | \VETSE
o wQ [p ]p=\/E
Tm?

= 9 [(E+6E)® — B

Tm?2 3
——3E%*FE = —m?E>.
w) 3 2m

Q

NOT EQUAL!

Canonically: 0% = 2m*E?,

micro-canonically: o3 = 3m*E? ; only 1/4 of the canonical result.

Or: o =05 /2.

So fluctuations are not the same in the two ensembles. The fluctuations in the micro-

canonical ensemble are less because the energy is fixed, whereas in the canonical em-
semble, the energy is allowed to vary.

Sub-Ensembles

a. Write down the micro-canonical probability distribution f(x")) for given energy E.
Show that the normalization constant €2 as a function of the number of particles N

12



and the energy per particle ¢ = E/N is to linear order in § F given by

3 2rNe\ 3N
Q<N’€):5(3N)!< w ) oF:

Hint: use the &,m variables of the previous problem and that the volume of a 6N -
dimensional sphere with radius r is TN /(3N)!.

Answer:
The microcanonical distribution is given by
1

fa) =1 @

0 otherwise.

if B < Hy(x™)) < E+E

As a function of N and € = E/N, the normalization constant is given by

O(N,e) = /dx

Ne<Hy(x(VN))<Ne+dE

- /dx /dx

Hy(x(N))<Ne+dE Hy(x(M)<Ne

Going over to ™) = x(N)\ /mw?/2, n™) = pW) /\/2m, this becomes

2 3N
- () /dn(N)df(N) — /dn(N)dﬁ(N)

w
[EMN) 24N [2<Ne+iE [§MI 2+ [N [2<Ne

The two integrals represent the volume of 6 N -dimensional spheres of radius v NeE + 0 F
and v/ Ne¢, respectively. The volume of such spheres is, as the hint tells us, 7NV /(3N),
SO

_ 1 (”T)SN [(Ne+0E)*™ — (Ney*]

BN \w
1 2m\3 _
~ G (w) 3N (NePN-16E
3 <2wN5)3N SE
BN\ w '
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b. Show that, to good approximation, the phase space distribution of the subsystem is
given by
Q(N = 1,6+ =)

Q(N,e)

fi(x1) =

Answer:

We take the definition of f; and substitute the microcanonical distribution:

= dxy...d
hx) = G / X2 OXN
Ne<Hy (x(N))<Ne+SE

1
= OV / axs ..
Ns<

_ Hi(xn) ]<N5+6E

- Q(Jif, 5) / s ..

Ne—Hi(x1)< , H (xn)}<Ns Hi(x1)+0E

In the right hand side, we recognize the integral as the normalization of a system of
N —1 particles, with an average energy [Ne — Hy(x1)]/(N —1) = e — Hl# (for this
to work, we need N large so that Ne — Hy(x;) > 0 because the first term is O(N),
whereas the second is O(1)), so

) (N —1,e— Hll(vxl)l E)
Q(N,¢)

c. Compute the limit N — oo (i.e. the limit a of large thermal bath) of fi(x1).
N
Hint: use that lim (1 + a) = e”.
N—oo N
Answer:

We substitute the result for QQ(N,€) from a. into the result of b.:

Q(N —1,e+ LHl(xl))

ho EN =
. 5(3N) ( [5+(s Hy)/(N— 1)])3]\[ 3
= [+ (e — H1)/(N 1)](3 3)! (21{\,6)

(
Cfw? )(Ng—H1)3N 3
N (%) e+ e—Hl)/( — 1)](3N — 3) (Ne)™
(5:) 1

w\3 N)!(Ne — Hy)™® | _3H/e N
o) Je+( 5—H1)/(N—1)](3N—3) ( ~ 3N )
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<3w>3 oo
2e '

d. Show that in this limit, the subsystem is described by the canonical ensemble.

Answer:

Take

Equal-Areas Construction for Van der Waals Liquids

a. Write the equation of state in terms of the molar volume V.
Answer:

p Is the number of particle (molecules) divided by the volume, N/V. if the number of
particles represents n moles, we have p = nNy /V, and the molar volume is the volume
per mole, i.e., V.=V /n. Thus p = N4/V. Substituting this into the VAW equation,
we get

kTNA/V  aN3

1—bN4/V V2
RT aN?%

V_bN, V2

b. Show how the conditions on the critical point, 9P/dV = 0 and 0>P/0V? = 0, lead to

~ a 8a
=3Nub: P.=——: klT.=—
Ve=3Nabs Fe=gmm Me=3og

Answer:

Call A = aNNi and B = bN4. Then take the first and second derivative of P with
respect to V', which gives

oP RT

Y S 3
oV _Be v )
2

or g, BT A (4)
ov: T T(W_Bp v



Multiplying the first equation by 2 and the second by (f/ — B), leads to

4A  6(V.— B)A

————"—=10
V3 V4
4V, —6(V,— B) =0
V. =3B = 3bN,.
From (1) it follows that
RT, 24
(Vo.— B2 V2
RT,  2A
4B>  27B3
8A 8CLNA
T = —-—————=
R 27B 27b
8A 8a
o= o
Inserting into the VAW equatin leads to
8A 1 A A a

°T97B2B  9B® 27B2 271

. Show that the Helmholtz free energy difference for one mole follows from

- N Ve .
A(Vp,T) = A(Vp,T)=— | dV P(V,T).

Ve

Answer:

Use the elementary relation

0A
P=- (av>NT

When we keep N and T fixed, changing the volume amounts to changing the molar

volume, i.e., .
P—_<8A> aV__<3A> Na
o7 ) oV = \av ),

For one mole of substance, N = N4, so

16



Integrating this at constant temperature gives

[P = AT - AT T)

Vi

Taking 1 = B and 2 = F leads to the desired property.

. Show that the chemical potential difference (per mole) p can be deduced from

- - . - Ve . -
w(Ve, T) — u(Vp, T) = P(Vp)Ve — P(Vp)Vp — N dv P(V,T).
B

Answer:

The chemical potential per mole is the Gibbs free energy G per mole, and G = A+ PV.
Therefore p = A(1mole) + PV, which leads to the desired result.

. Given the result of e., demonstrate how the fact that the liquid and the gas are in
equilibrium with one another leads to the equal-areas construction.

Answer:

In equilibrium, the pressures and chemical potentials of the liquid and the gas need to
be equal. That means that the right hand side of the equation from part d. must be
zero, and the pressures in it must be equal, leading to

Ve o
P(Ve—Vg)= [ dV P(V,T).

VB

P is the height of the plateau in the figure, so the left hand side represents the area
under the plateau. The right hand side is the area under the VAW curve, and the
equality states that these two are equal, i.e., the equal area construction.

Alternatively, split up the integration interval inti A to D and D to F':

Vb . . Ve .
PVe—=Vp)+P(Vp—Vg)= [ dVPV,T)+ | dV P(V,T).

\%Z Vb
which can be rewritten to

Vb . Ve .
0 :/ dv [P(V,T) - P|+ [ dV [P(V,T) - P).
VB VD
or . ~
Vb . ~ Ve . ~
[ "avip— P(v,T) = | "av [P(V,T) - P)

VB VD

The left hand side is the area enclosed by BC'D B, while the right hand side is the area

enclosed by DEF D, i.e., the equal area construction.
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