CHM1485: Molecular Dynamics and Chemical Dynamics in Liquids

SOLUTIONS TO PROBLEM SET 3

Corrections to the macroscopic equation

. Under the assumption that fluctuations are small, expand the function a;(x) around
X, and show that

where
o(t) = ((x(t) = xm (1)) (x(t) — xm(1))) = /dx (x = xm (1)) (x — xm(2)) P(x, 1).

which is a measure of the width (or rather the width squared) of the distribution of x
in the system, i.e., a measure of the fluctuations.

Solution:

Writing x(t) = xm(t) +e(t) with e(t) = x(t) —xm(t), we may expand in e(t) as follows:

8a1 (Xm) 1 82a1 (Xm)

a;(x(t)) = a;(xy) + &(t) - O + +§€(t)€(t) : Tx O + O(e?),
whence
B — o))+ (e00) - P22y 4 e : SRy 1 o),

Using that x,, does not depend on x, so that it may be taken outside of the average,
we get:

B o)+ {el0) - T 4 2 egen) - T2 4 o),
But since (e) = (x — xp) = (x — (x)) = 0, we have

dxp, 1 0%y (xp) 3

— = au(x) + 5 ((x(t) = x(8)(x(t) —x(t))) : oxox. T O(e”),

which, upon identifying o, is the desired equation.
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b. Show that o satisfies

do
. — {aa(30) + (o — xm)ar () + {2 () (x — X))

with as the second jump moment.
Solution:
We start with the given definition of o (t) and take the time derivative:
d d
— t —
PTACR
dxp, (1)

_ —/ddest()(x—xm(t))P(x,t)—/dx(x—xm(t)) 2 Plx, 1
+/dx (X—xm(t))(x—xm(t))g

t

dx (x — X (1)) (x — xm (1)) P(x, 1)

P(x,t)

However, because (x(t)) = Xu(t), the first two terms are zero. Now use the master
equation in the remaining term:

%a’(t) = /dx /dx X — X)) (X — Xp) [W(x' — x)P(X,t) — W(x — xX')P(x, t)]
dx' [(x' — X)) (X' — X)) — (X — X ) (x — X)) W(x — X') P(x, 1)

dx' [x'x" — xpx' — X% — XX+ XX + x%,| W(x — X')P(x, 1)

Jox
J=/

_ / dx / ! [’ — 3 — X (X — %) — (X' — X)) W (x — %) P(x, 1)
Jox/

dx’ [x'x' —xx —x(xX' — x) + (x — X)) (X' — %)
—(x' —x)x+ (X' = x)(x — %) | W(x — X')P(x, 1)

_ /dx/dx’ 'K — 3% — X% + XX+ (X — %) (X' — %) + (X — %) (% — %u)]
<x — X)P(x, 1)
- /dx/dx X = %) (x = x) + (% — %) (¥ — %) + (= %)(x — %)
W(x — X)P(x, 1)
= [xfaato) + G = x)an () + a1 (9 o — )] Pl
() + ((x— xw)an () + (@1 (x) (X — X))

page 2 of 12



c. Show that expanding x around X, in this equation leads to

do 1 9%ay(xwm) Oai(xm)  Oai(Xm)
R T o ke T o T Oxw

o+ ....

Solution:
Starting from the result of b. we write again x = X, + € with e(t) = x(t) — x,(t) and
expand in &(t):

d ) 8a2 (Xm) 1 8232 (Xm)

570 = (aa(xw)) + () o T 5lee) Ox O
+{e)ai(xy) + (e€) - %zm) +a;(xm)(€) + %im) (eg) + ...
= (ag(xm)) + %(s@%ji—g;:f + (ee) - aa(;}(:nm) + 8a5)((>;m) - (ee) + ...

which, using (e€) = o, leads to the desired result.

Transition probability rates for reactions in dilute
solutions

a. Show that the probability for having s; molecules of X7, so molecules of X5, etc., being
inside the same volume v, (which may be anywhere in the system) is equal to

d ; 8j 2\ Vs
Pl I ) 0-9)

Jj=1

Solution:

Imagine the volume to be divided up into small cells (subvolume) of size v,. There are
V /v, such cells. The probability for any of the molecules to be in a specific cell is v, |V,
and thus the probability for that molecule not to be in that specific cell is 1 — v, /V.
For not too-high densities, we may neglect possible correlations between the molecules.
Then, the probability to find precisely s; molecules of species j in a specific cell is the
probability to find s; of these molecules in that cell, i.e. (v,/V)%, times the probability
to find the other ones not in this cell, i.e. (1 —v,/V)Ni=%  times the number of ways
to pick s; molecules from the N; available ones, i.e. (]:]J) The molecules of different
components are also uncorrelated, so that the probabilities multiply, and we get for
the probability that s; molecules of components N; are in a specific cell:

P (V) e g
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Realizing that this may occur in any of the cells, of which there are v,/V many, leads
to the desired formula.

. Show that in the limit V' — oo with N;/V and v, fixed, this leads to

—vrN; V.

p_ V <vr>8j N;! e
Uy i1 Vv (N] — 8])' Sj!

Solution:

j=1
S [ - (1 sjm/V)Nfsf'
Ur V/ (N —sj)ls;! Nj —s;
J
o VT (&)* Nt sy
Ur V/ (N —sj)ls;!
J
lavic;V KH<%>SJ N]' eivaT/V
Ur V7 (N —sj)ls;!

. Argue now that the transition rates for the forward and reverse reaction in dilute
solutions are given by

J
N1
WH{N;} = {N; + 71 —s;}) = k+VH (N, — )1V
7=1
LN
WHEN;} = {Nj +5; —1;}) = k_V}:[l (N, —r)l Ve’

respectively, where k; and k_ are independent of the N;.
Solution:

The transition rate W ({N;} — {N; +r; — s;}) is proportional to P, times a collision
cross section, times a probability for the reaction to actually occur when the molecules
meet. The latter two do not depend on the number of molecules nor on the volume
of the system. Thus, we may absorb into the constant k. everything except the
dependence on N; and V', which gives

<

WH{N;} = AN +7j—s;}) = k+VHW+

j=1
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The result for the reverse reaction simply follows by considering it as a forward reaction,
replacing r; and s;.

Derivation of the Kramers’ equation

. Write W((x/, V') — (z, v)) = W(az’, v';x—12',v—1") and show that the master equation
can be written as

1)ty gutv

93 v, t) e
Z Z '1/' OxrOv” [y (2, 0) P, 0,0)]

pn=0 v=

where the prime on the summation denotes that the case y = v = 0 is excluded, and
the jump moments a,, are given by

a(x,v) = /dAa: dAv W(x,v; Az, Av)AzFAv”.

Solution:

Substituting W gives

oP t ~ -
(g;va ) — /dl’ldyl |:W(ZL'/,’U/ T — fL' U_U)P(:C,,'Ul,t)_W(I,U;J?,—l‘,U/—’L))P(l'7v’t)

= /dx’dv’ [W(x',v’;x—x’,v —VYPx+2' —z,v+0 —v,t)
—W(z,v;2' —x,v" —v)P(z,v, t)}

Changing integration variables to Ax = x — a2’ and Av = v — v’ leads to

OP(z,v,t)

T = /dAx dAv {W(m — Az, v — Av; Az, Av)P(z — Az,v — Av, t)

—W(z,v; —Ax, —Av)P(z,v, t)]

but changing Ax — —Ax and Av — —Awv in the last term gives

OP(z,v,t)

py = /dAx dAv |:V~V<£L' — Az, v — Av; Az, Av)P(z — Az,v — Av, t)

—W (2, v; Az, Av)P(z,v, t)}
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Expanding the first term gives

OP(z,v,t) = [FA)E K [~ Av) ot (s
—_— = AxdA W i Az, Av)P
- /d z dAv [EO M! VEO o 835“81)”{ (z,v; Az, Av) (:L“,v,t)}

—W (z,v; Az, Av)P(x, v, t)}

vl OxHovY

dAdivii'[_ﬁf]“ (A7 o {W(m,v;A:v,Av)P(x,v,t)}

I
—

pn=0 v=0
/ (_1)#+V bo aand

wlv! Oxrovy

[
[M]8

{/dAx dAv Ax“Av”W(x, v; Az, Av)P(z, v, t)}

=

H(—1)mtr guy

ulv! Ozrovy

I
i
M# 11

[a,(x,v)P(z,v,1)].

=
Il
o
N
Il
o

q.e.d.

. Argue that jump moments can be expressed as

aw(x,v) = lim (A1) "H([Az (A1) [Av(AL)]")

where Az(At) and Av(At) are the change in position and velocity, respectively, starting
from (x,v).

Solution:

W is the probability to jump a distance (Az, Av) per unit time, i.e., for an infinitesimal
small time At, the probability to jump is W At. The average of Axz*Av” in that time
interval is

([A(A)FIAD(AH]) = / Az / AT (2,03 A, Av) At = ay (z, v) At

which leads to
a0 (z,0) = [At]H[Az (AL [Av(AL)]").

Since At was infinitesimal, we can take the limit At — 0 and get the result we were
after. Note that in taking the average here, v and v are kept fixed.

. Show that first few jump moments are given by:

ap(z,v) =v, agp(z,v)=—av—U'(z), ag(r,v)=2kTa.
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Solution:

First we determine for an infinitesimal At, as in the notes:

Ar(At) = vAt

At
Av(At) = —U’(m)At—owAt—i—/ dt' £(t)
0
Thus,
apo(x,v) = AliIEO(At)_l(Aa:(At»
= Alirilo(At)’l<vAt>:
api(z,v) = Alitr_r)lo(At)_l(Av(At))

= Alirilo(At)_l(—U'(a:)At — avAt + /OAtdtlg(t’» =-U'(z) — av

ape(z,v) = lim (At)_l([—U'(x)At—avAt+/0 dt' £(t))?)

At—0

At—0

At At
= lim (At)"! </ dt' £(t )/0 dt” §(t"))

At
~ i (A)Y(| / at' §(¢)]?)

At—0

At At
= lim (At)” / dt’ / dt" (&)
At—»O
At At
= lim (At)™* / dt’ / dt" 2kTad(t —t")
0 0

At—0

At
= lim (At)” / dt' 2kTa = 2kTa
0

At—0

where we used that (§) = 0 and ((t')&(t")) = 2kTad(t' —t").

. Prove that
aos(z,v) = 0.

Solution:

Skipping a few steps, we get

apa(w,v) = lim (At)"H[-U'(z)At — owAt—i—/O tdt'é(t’)]4>

At—0

= lim (At)™! <[/ dt' ()"

At—0

At At At At
= lim At / dtl/ dtQ/ dtg/ dt4 tl t2 f(tg)f(t4)>

At—»O

page 7 of 12



Using the factorization gives

At
&04(%’,@) = 2kTo lim At / dtl/ dtg/ dtg/ dt4[ 1—t2)5(t3—t4)

t—>0
+0(t — t3)0(ty — ta) + 6(t1 — t4)8(ty — t3)

For each term, the two delta functions get rid of two integrals, so that two integrals
remain, giving A?. Times the factor (At)™!, we get At, whose A — 0 limit is zero:

Aoy = 0.

. Argue now that all higher order jump moments are zero.
Solution:

First notice that products of an odd number of £(t)’s average to zero, since they cannot
be fully factorized, so that there is always a factor (£(t;)) = 0. For an even number n of
factors of €, the result is a product of n/2 delta functions. Fach jump moment a,, can
be written as sum of terms in which there is a product of k fluctuating forces, with k at
most v. Thus it gives k/2 delta functions, and v integrals, i.e., k — k/2 = k/2 factors
of At. The rest gives another factor proportional of At't'=% so we get Ath+v—F/2,
or, times (At)™!, At#+tv=k/2=1 " The smallest exponent of At we can get is for k = v
(or k = v — 1 if v is odd), i.e., At***/21=1 The exponent is always positive, unless
(u,v) = (1,0), (0,1) or (0,2), when it is zero. If the exponent is positive, the limit
At — 0 gives zero, so all jump moments are zero except the cases (u,v) = (1,0), (0,1)
or (0,2).

Kramers’ escape problem for moderate friction

. Show that inside the basin, i.e., close enough to a, the above naive distribution
Phaive(z,v) is approximately a stationary solution of the Kramers’ equation (found
at the end of the previous problem).

Solution:

In we insert the solution into the Kramer’s equations, it would appear that the naive
solution is an exact solution. The approximation lies in the fact that if we take it
to hold everywhere, i.e., for x from 0 to oo, the function is not properly normalized,
P(x — o0o,v) — exp(—v?/2kT), so the normalization integral would diverge. Hence,
we restrict our solution to have this value only up to the point m say (this would mean
that the normalization is right to good approximation). Inside the metastable basin,
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this would make OP/0t = 0. However, because there is a probability flux J(m) # 0 at
m, this solution will be ‘drained’, i.e., it will slowly leak probability, across the barrier
and to infinity. Therefore, it is only approximately stationary:.

. Make the Ansatz that in the parabolic region m < x < ¢, P(z,v) is of the form

U"(0)|(x — b)* — v*

P(z,v) = f(v—w(z — b)) exp SET

with so far a general w. Show that f(z) = f(v — w(z — b)) must satisfy

[wv — |U"(b)|(z — b) — av] f'(z) + akT f"(z) = 0.

Solution:
Call

B = oxp |10 —0)° = UZ]

2kT
From the Ansatz, it follows that

0P

— =0

ot

op 9 (z = b)|U"(b)]

= = _%f(v—w(:v—b))+k—Tf(U—w(ff—b)>]E
- —wf’(v—w(x—b))—l—%ﬂ“—w(l’_b))}E

or [0 v

¥ - [prm e st o]
= _f’(v—w(x—b))—%f(v—w(x_b))}E

o2 [ 92 v 0 v? —

T = [ero—ete=0) ~ gt —ote ) + Tl —sta )] 2
= [ - Zroste )+ T o) 2

Substituting these into the Kramer’s equation, setting v — w(x — b) to z, and dividing
by E leads to the desired result.

. Argue that for this Ansatz to work, the coefficient of f/(z) must be a function of
z = v —w(z—0b) only. Show that this requires that w? —aw —|U”(b)| = 0 so that either

1 1
— _ _ 2 AU
w=gatgyvait |U"(b)]
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or | )
w = 504 — 5\/ 042 + 4|U”(b)|
Solution:

We can rewrite the equation as
wo —|U"(b)|[(x = b) —av=—akTf"(2)/f'(2).

Since the right-hand side depends only on z, so should the left-hand side. We substitute
in the left-hand side v = z + wx — wb, and get

w(z +wz —wb) — |U"(b)|(x — b) — a(z + wx — wb)
= (w—a)z+ (W = |U"(b)| — aw)(x —b)

For this to be independent of z, the expression (w? — |U”(b)| — aw) needs to be zero,
so that either

1 1
w=-a+ —y/a?+4U"(b)|

2 2
or
w= la—l a? +4|U"(b)|.
2 2

. Show that the resulting equation for f is now
(w—a)zf'(2) + akTf"(z) =0,

and show that this is solved in general by
w—a«
f(z) = A+ B erf (W/ 5ok T z)

All that remains of the prefactor of f'(z) is (w— )z, so we get the mentioned equation.
We rewrite this as

Solution:

W —

71 = =2 (2)

which has the following general solution for f'(z):

f'(z) = Bexp l—w — 2}

20kT i
So that

o w—
= A+ B 3 — 72
f(z) + /0 dz exp [ ST }

Substituting n = \/(w — «)/(2akT)Z as a new integration variable, redefining B and
using the definition of the error function, leads to the desired result.
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e. Argue that for P(z,v) to vanish for £ — oo (normalization condition), we should use
the positive value of w, and A should be equal to B.

Solution:

For P to be normalizable, it should at least not diverge for large v (and thus z). An
imaginary argument of the error function is therefore not allowed. The two roots for
w are such that one is negative and one is positive. The positive one is furthermore
larger than «, so selecting that one assure that the argument of the error function is
real.

Consider now, for real arguments, the limit z — —oo (and thus x — o). P(z,v)
should vanish in that limit (otherwise there would be an overwhelming probability to
be to the right of the barrier rather than to be in the metastable state), and since in
this z — —oo limit, the error function becomes —1, this means that A must be equal
to B, so f goes to 0 as it should.

f. Taking the results together gives

(VU)o {_%vHU(a:)—U(a)}

W T for0 <z <m

A

w— w2+ U(z) = U(b)
1+ erf ( ST (v—w(z - b)))] exp {— T

form<z<e.

\
Show that the two parts match at the point £ = m if one chooses

/U”(a)

= amkr P {_ﬁ} '

Solution:

At the point m, the argument of the error function has become large and positive, so
we may replace it by 1. Matching then

U {_%v2+U<m> - v

2rkT kT
and
1,2
w—a ., B vt +U(m) —U(Db)
A1+ erf ( ST (v —w(m b)))] exp [ T
102+ U(m) - U(b
~ 2Aexp [— 2V ¥ g;) ( )]
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leads to

U"(a) W
A="mkr O {_k’_T}

g. Calculate finally the escape time:

> U"(a)|U"(b)] { W} .

1
- = dvvP(b,v) = ——
T /OO (b:) m(a + /a? +4|U"(b))) KT

This requires just straightforward substitution of

U"(a) -W w—a v?
Pb,v) = “T P [_kT } 1+ erf ( 5ok T v)) exp {—%—T}
into . -
- = dvvP(b
- /_Oo vuP(b,v)
This gives
1 U"(a) W [ w—a v?
L dov |1+ erf [ 4/ U
. kT eXp[k;T]/_m v e ( kT ”)> eXp{ KT

= 4Z;§?) exp [;?f] /Zdvverf (\ / ;oz_k; v)) exp [—%}
T[]
m(a+ /a2 +4|U" (D)) kT

where we used the hint that [*°_dvverf(av) exp(—bv?) = [b+/1 + b/a?] ™"
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